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Abstract
Using a solution generating technique based on the symmetries of the dimensionally
reduced Lagrangian we derive two exact solutions of the Einstein-Maxwell-Dilaton field
equations in five dimensions. More specifically, these solutions describe general systems
of non-extremally charged static asymptotically flat black bi/di-ring. We compute their
conserved charges and investigate some of their properties. As expected, we find that
in general there are conical singularities in between the black rings and for the static
solutions considered here they cannot be completely eliminated.
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1 Introduction
In recent years, higher dimensional black holes have been actively studied. Even though the
higher dimensional counterparts of the Schwarzschild spherical black hole and its rotating
generalization have been known for some time [1, 2], notably with Emparan and Reall’s
discovery of the asymptotically flat black ring solution in five dimensions [3] (for a review
see [4]) one realized that the higher dimensional black holes exhibit a much richer behaviour
than their four dimensional counterparts (for reviews see for instance [5, 6]). The black
ring was the first explicit example of an asymptotically flat black object with non-spherical
event horizon. Heuristically, one obtains such a black ring by taking a black string in
five dimensions, bending it and connecting its ends to form a circle. A static black ring
configuration would normally collapse to form a black hole with spherical horizon topology;
indeed, this is the case in four dimensional asymptotically flat space-times as a consequence
of topological censorship [7, 8]. However, in five or more dimensions, the spherical topology of
infinity does not constrain that of the black hole horizon [9]. For instance, in five dimensions
geometric considerations restrict the topology to those, such as S3 and S2 × S1, that admit
non-negative scalar curvature [10]. The original black ring system was stabilized against
collapse by the centrifugal effects of its rotation along the S1 direction. It belongs to the class
of the so-called generalized Weyl metrics [11, 12], which generally admit (d− 2)-commuting
Killing vectors in d dimensions. The rotating black ring provided the first nontrivial example
that known properties of the four-dimensional black holes do not hold in higher dimensions
[13]. Following the discovery of the rotating black ring, its generalization to black Saturn
[14] and multi-black rings have been found in five dimensions [15, 16, 17, 18]. Concentric
supersymmetric black rings in five dimensions were first constructed in [19, 20].
In higher dimensions, by contrast to the single black hole case, solutions describing
general charged multi-black hole systems are scarce. The main reason is that, except in
the particular cases where the black holes are extremal/supersymmetric, the known solution
generating techniques lead to multi-black hole systems with charges proportional to their
masses and, therefore, they cannot describe the most general charged solution for which the
masses and charges are independent parameters. Recently, in five dimensions, a solution
describing a general double-Reissner-Nordstro¨m solution has been recently constructed in
[21], generalizing the uncharged solutions given in [22, 23, 24]. The main purpose of this
article is to use the procedure presented in [21] to construct in closed form solutions describing
generally charged black bi-ring and di-ring in five dimensions.
The structure of this paper is organized as follows. We first briefly recall the results of the
solution generating technique given in [21] that will allow us to lift four-dimensional charged
static configurations to five dimensional Einstein-Maxwell double-black ring systems. As in
[21], we shall use the general double Reissner-Nordstro¨m solutions in four dimensions [25]
as a seed solution and lift it to five dimensions. The solution generating method extends
easily to the more general case of Einstein-Maxwell-Dilaton (EMD) gravity with arbitrary
coupling constant, however, for simplicity reasons, in this work we consider the particular
case of Einstein-Maxwell theory. We construct the exact solutions that describe systems
of two concentric black rings and discuss some of their properties. Finally, we end with a
summary of our work and consider avenues for future research.
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2 The solution generating technique
Let us recall first the results of the solution generating technique used in [21]. The main idea
of this particular solution generating technique is to map a general static electrically charged
axisymmetric solution of Einstein-Maxwell theory in four dimensions to a five-dimensional
static electrically charged axisymmetric solution of the Einstein-Maxwell-Dilaton (EMD)
theory with arbitrary coupling of the dilaton to the electromagnetic field. One performs
first a dimensional reduction of both theories down to three dimensions and, after a careful
comparison of the dimensionally-reduced lagrangians and mapping of the scalar fields and
electromagnetic potentials, one is able to bypass the actual solving of the field equations by
algebraically mapping solutions of one theory to the other. The idea of such a solution gener-
ating technique can be traced back to the work of [27] that related stationary axisymmetric
vacuum solutions in four dimensions to static charged solutions of the four-dimensional EMD
theory with arbitrary dilaton coupling. The novelty of the approach in [21] was also the use of
the scaling symmetry of [26] to introduce new harmonic factors in the final five-dimensional
solution. More precisely, suppose that we are given a static electrically charged solution of
the four-dimensional Einstein-Maxwell system:
L4 =
√−g
[
R− 1
4
F˜ 2(2)
]
, (1)
where F˜(2) = dA˜(1) and the only non-zero component of A˜(1) is A˜t = Φ. The solution
to the equations of motion derived from (1) is assumed to have the following static and
axisymmetric form:
ds24 = −f˜dt2 + f˜−1
[
e2µ˜(dρ2 + dz2) + ρ2dϕ2
]
,
A˜(1) = Φdt. (2)
Then the corresponding solution of the Einstein-Maxwell-Dilaton system in five dimen-
sions:
L5 =
√−g
[
R − 1
2
(∂φ)2 − 1
4
eαφF 2(2)
]
, (3)
where F(2) = dA(1), can be written as:
ds25 = −f˜
4
3α2+4dt2 + f˜
− 2
3α2+4
[
e2hdχ2 + e
6µ˜
3α2+4
+2γ−2h
(dρ2 + dz2) + ρ2e−2hdϕ2
]
, (4)
while the 1-form potential and the dilaton are given by:
A(1) =
√
3
3α2 + 4
Φdt, e−φ = f˜
3α
3α2+4 . (5)
It can be checked that this solution solves the equations of motion derived from (3) as
expected, given that (2) is a solution to the equations of motion derived from (1).
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Here h is an arbitrary harmonic function; once its form has been specified for a particular
solution then γ can be obtained by simple quadratures using the equations:
∂ργ = ρ[(∂ρh)
2 − (∂zh)2], ∂zγ = 2ρ(∂ρh)(∂zh). (6)
Solutions of the pure Einstein-Maxwell theory in five dimensions are simply obtained
from the above formulae by taking α = 0. In the following sections, for simplicity, we shall
focus on this particular case.
2.1 The four-dimensional seed solution
It was shown in [21] that, using the four-dimensional Reissner-Nordstro¨m as the initial seed,
by an appropriate choice of h one can obtain either a black hole, a black ring or a black string
in five dimensions.The aim of this work is to construct in closed form the general charged
solutions describing static systems of double black rings lying either in the same plane (di-
ring) or in orthogonal planes (bi-ring). To this end we shall use the four-dimensional double
Reissner-Nordstro¨m solution in the parameterization given recently by Manko in [25]:
f˜ =
A2 − B2 + C2
(A +B)2
, e2µ˜ =
A2 − B2 + C2
16σ21σ
2
2(ν + 2k)
2r1r2r3r4
, ω = − 2C
A+B
, (7)
where:
A = σ1σ2[ν(r1 + r2)(r3 + r4) + 4k(r1r2 + r3r4)]− (µ2ν − 2k2)(r1 − r2)(r3 − r4),
B = 2σ1σ2[(νM1 + 2kM2)(r1 + r2) + (νM2 + 2kM1)(r3 + r4)]
−2σ1[νµ(Q2 + µ) + 2k(RM2 + µQ1 − µ2)](r1 − r2)
−2σ2[νµ(Q1 − µ)− 2k(RM1 − µQ2 − µ2)](r3 − r4),
C = 2σ1σ2{[ν(Q1 − µ) + 2k(Q2 + µ)](r1 + r2) + [ν(Q2 + µ) + 2k(Q1 − µ)](r3 + r4)}
−2σ1[µνM2 + 2k(µM1 +RQ2 + µR)](r1 − r2)
−2σ2[µνM1 + 2k(µM2 −RQ1 + µR)](r3 − r4), (8)
with constants:
ν = R2 − σ21 − σ22 + 2µ2, k =M1M2 − (Q1 − µ)(Q2 + µ),
σ21 = M
2
1 −Q21 + 2µQ1, σ22 = M22 −Q22 − 2µQ2, µ =
M2Q1 −M1Q2
M1 +M2 +R
, (9)
while ri =
√
ρ2 + ζ2i , for i = 1..4, with:
ζ1 = z − R
2
− σ2, ζ2 = z − R
2
+ σ2, ζ3 = z +
R
2
− σ1, ζ4 = z + R
2
+ σ1. (10)
This solution is parameterized by five independent parameters and describes the superposi-
tion of two general Reissner-Nordstro¨m black holes, with masses M1,2, charges Q1,2 and R
the coordinate distance separating them. For a detailed discussion of its properties we refer
the reader to [25] and the references therein. We shall currently note that, in general, the
4
function e2µ˜ can be determined up to a constant and its precise numerical value has been
fixed here by allowing the presence of conical singularities only in the portion in between the
black holes along the ϕ axis. Consequently one has:
e2µ˜|ρ=0 =
(
ν − 2k
ν + 2k
)2
, (11)
for −R/2 + σ1 < z < R/2 − σ2 and e2µ˜|ρ=0 = 1 elsewhere. This result will be put to use
later in describing the presence of the conical singularities in between the black rings in the
constructed solutions.
3 The final EM solution in five dimensions
Gathering up all the results from the previous section, the corresponding five-dimensional
solution of the Einstein-Maxwell system reads:
ds25 = −f˜dt2 + f˜−
1
2
[
e2hdχ2 + e−2h
[
e3µ˜/2+2γ(dρ2 + dz2) + ρ2dϕ2
]]
,
At = −
√
3C
A +B
. (12)
So far the harmonic function h is still arbitrary and can be chosen at will. One can see that
h’s presence can alter the rod structure of the final solution along the χ and ϕ directions.
By carefully choosing the form of h, one can construct the appropriate rod structures to
describe the wanted configurations involving double-black rings. Finally, once one picks a
suitable h, γ is easily found by integrating (6).
3.1 The di-ring system
To construct the solution describing a di-ring, i.e. a system consisting two concentric black
rings, which lie in the same plane, it turns out that one has to pick:
e2h = (r0 + ζ0)
√
(r1 + ζ1)(r3 + ζ3)
(r2 + ζ2)(r4 + ζ4)
, (13)
where ζ0 = z +
R
2
+ σ0, with σ0 > σ1. By integrating (6) one finds that γ is given by:
e2γ−2h =
2
K0r0
√
Y20Y40
Y10Y30
(
Y12Y14Y23Y34
r1r2r3r4Y13Y24
) 1
4
, (14)
where K0 is a constant and we denote Yij = rirj+ζiζj+ρ
2, where i, j = 0...4. Replacing these
functions in (12) one obtains a general static solution describing a system of two concentric
charged black rings lying in the same plane, that is, a general static di-ring system. Before
we discuss some of its physical properties, let us first consider the rod structure of this
5
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Figure 1: Rod structure of the di-ring system.
solution. Following the procedure given in [12], one deduces that the rod structure of the
general solution is described by five turning points that divide the z-axis into six rods as
follows.1
For z < −R/2 − σ0 one has a semi-infinite rod with direction l1 = (0, 0, 1), while for
−R/2 − σ0 < z < −R/2 − σ1 one has a finite spacelike rod with direction l2 = (0, 1, 0).
For −R/2 − σ1 < z < −R/2 + σ1 one has a timelike rod with direction l3 = (1, 0, 0), which
corresponds to the horizon of the first black ring. For −R/2 + σ1 < z < R/2 − σ2 on has
a finite spacelike rod with direction l4 = (0, 1, 0). For R/2 − σ2 < z < R/2 + σ2 one has
a timelike rod with direction l5 = (1, 0, 0), which corresponds to the horizon of the second
black ring. Finally, for z > R/2 + σ2 one has a semi-infinite spacelike rod with direction
l6 = (0, 1, 0). One should note that the rod directions of the spacelike rods surrounding
the black ring horizons are precisely the rod directions corresponding to a system of static
black rings whose S1 factor of the horizon is parameterized by χ, while the S2 factor is
parameterized by z and ϕ. This confirms that the general solution that we derived describes
a pair of concentric black rings lying in the same plane, whose rod structure is given in
Figure 1.
Turning now to the discussion of the conical singularities, one finds that asymptotic
flatness fixes the periodicities of the χ and ϕ coordinates be 2π, while the constantK0 = 4
√
2.
However, in between the black rings, along the rod direction l4 there is a conical singularity
unless: (
ν + 2k
ν − 2k
)3
=
(
(R + σ1)
2 − σ22
R2 − (σ2 − σ1)2
)
R + σ0 − σ2
R + σ0 + σ2
. (15)
Also, the regularity condition along the l2 rod direction imposes the extra condition:
(R + σ0 + σ2)(σ1 + σ0)
(R + σ0 − σ2)(σ0 − σ1) = 1. (16)
So far our numerical investigations failed to find values of the physical parameters for which
these regularity conditions are satisfied. Physically, the presence of these unavoidable con-
ical singularities is to be expected since our solution is static and, therefore, the conical
singularities signal the presence of some other forces needed to balance the gravitational
and electromagnetic forces in between the black rings and also to balance the black rings
1We are writing the vectors in the basis {∂/∂t, ∂/∂ϕ, ∂/∂χ}.
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themselves.2 The only way to satisfy these conditions is to consider extremal rings, for which
k = µ = 0, σ1 = σ2 = 0, however, in this case, the horizons of the black rings become naked
curvature singularities.
3.2 The bi-ring system
To construct the exact solution describing the charged by-ring system one has to take instead:
e2h = (r0 + ζ0)
√
(r1 + ζ1)(r4 + ζ4)
(r2 + ζ2)(r3 + ζ3)
, (17)
where ζ0 = z − R2 + σ0 and σ0 < σ2. By integrating (6) one finds that γ is given by:
e2γ−2h =
2
K0r0
√
Y20Y03
Y10Y04
(
Y12Y13Y24Y34
r1r2r3r4Y14Y23
) 1
4
, (18)
where K0 is a constant, whose value will be fixed later.
As in the di-ring case, one finds that the rod structure of the general bi-ring solution
is described by five turning points that divide the z-axis into six rods as follows. For z <
−R/2 − σ1 one has a semi-infinite rod with direction l1 = (0, 0, 1), while for −R/2 − σ1 <
z < −R/2 + σ1 one has a finite timelike rod with direction l2 = (1, 0, 0), which corresponds
to the horizon of the first black ring. For −R/2 + σ1 < z < R/2 − σ0 one has a spacelike
rod with direction l3 = (0, 0, 1). For R/2 − σ0 < z < R/2 − σ2 on has a finite spacelike
rod with direction l4 = (0, 1, 0). For R/2 − σ2 < z < R/2 + σ2 one has a timelike rod with
direction l5 = (1, 0, 0), which corresponds to the horizon of the second black ring. Finally,
for z > R/2 + σ2 one has a semi-infinite spacelike rod with direction l6 = (0, 1, 0). This
confirms that the general solution that we derived, whose rod structure is given in Figure 2,
describes a pair of black rings lying in orthogonal planes as expected.
Turning now to the discussion of the regularity conditions along the spacelike rods, one
finds that asymptotic flatness imposes the periodicity 2π for the coordinates ϕ and χ, while
the value of the constant K0 is fixed to be K0 = 4
√
2. Moreover, to avoid the presence of
conical singularities along the rods with directions l3 and l4 one has to satisfy the following
two conditions: (
ν + 2k
ν − 2k
)3
=
(
R2 − (σ2 − σ1)2
R2 − (σ1 + σ2)2
)
R− σ0 − σ1
R− σ0 + σ1 , (19)
respectively,
(R− σ0 + σ1)(σ2 + σ0)
(R− σ0 − σ1)(σ0 − σ2) = 1. (20)
Similarly to the di-ring case, we have been unable to find numerically any physically inter-
esting range of the parameters for which the conical singularities disappear. One should
note, however, that in the case of extremally charged rings these relations are in fact satis-
fied. Unfortunately, the horizons of the extremal black rings become again naked curvature
singularities and the solutions are pathological.
2Such conical singularities do appear even the case of a single electrically charged black ring [28, 29, 30,
31, 32].
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Figure 2: Rod structure of the bi-ring system.
4 Some properties of the double-black ring solutions
For a double-black ring system, the general solution given in (12) has six parameters, which
should correspond to the individual masses, electric charges and radii of the constituent
black rings. All these quantities can be expressed in terms of the parameters Mi, Qi and R
of the four-dimensional seed solution, as well as the new parameter σ0 introduced when one
picks the explicit form of the harmonic correction h.
By construction, our generated solutions are asymptotically flat (as one can also see
directly from their rod structure). The asymptotic geometry is found by performing the
following coordinate transformations:
ρ =
r2
2
sin 2θ, z =
r2
2
cos 2θ, (21)
and taking the limit r → ∞. By using a counterterm prescription or, more directly, by
observing the expression of gtt in this limit, one finds that the total ADM mass is given by:
MADM =
3π
2G
(M1 +M2). (22)
The total electric charge of the double-black ring system is evaluated by using the Gauss
formula:
Q = 1
8πG
∫
S
FµνdS
µν , (23)
where S is the three-sphere at infinity, which encloses both the black rings. One finds that
Q = Q(1)+Q(2), where Q(i) =
√
3pi
2G
Qi are the individual charges of each black ring, evaluated
by integrating (23) over each black ring horizon. One can also evaluate the electric potential
ΦiH = −At|H for each black ring with the result:
ΦiH =
√
3
(
Mi − σi
Qi
)
. (24)
It is also possible to evaluate the area of each black ring horizon in the general bi/di-ring
solutions, by expressing it first in terms of the areas of the black hole horizons of the four-
dimensional seed [25] and making use of the particularly simple form of those quantities, as
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recently derived in [33]. More specifically, in the four-dimensional seed solution, the area of
each black hole horizon can be expressed in the following form:
Ai(4) = 4πσi
(
ρf˜−1eµ˜
)
|iρ=0, (25)
where for each black hole horizon we have [33]:
(
ρf˜−1eµ˜
)
|1ρ=0 =
[
(R +M1 +M2)(M1 + σ1)−Q1(Q1 +Q2)
]2
σ1[(R + σ1)2 − σ22]
,
(
ρf˜−1eµ˜
)
|2ρ=0 =
[
(R +M1 +M2)(M2 + σ2)−Q2(Q1 +Q2)
]2
σ2[(R + σ2)2 − σ21]
. (26)
For the final five-dimensional solution (12) the area of each black ring horizon can be
written as:
Ai(5) = 8π
2σi
[
(ρf˜−1eµ˜)|iρ=0
] 3
4
(
(ρ
1
2 e2γ−2h)|iρ=0
) 1
2
. (27)
Let us note now that near each black ring horizon one can expand:
e2h−2γ = (pi)
2√ρ+O(ρ), (28)
where pi are constants. For the di-ring system one finds explicitly:
(p1)
2 =
(σ1 + σ0)(R + σ2 + σ0)
R− σ2 + σ0
√
R + σ1 − σ2
σ1(R + σ1 + σ2)
, (p2)
2 =
√
R + σ2 − σ1
σ2(R + σ1 + σ2)
, (29)
while for the bi-ring system one finds:
(p1)
2 =
√
R + σ1 + σ2
σ1(R + σ1 − σ2) , (p2)
2 =
√
R + σ1 + σ2
σ2(R + σ2 − σ1) . (30)
Then, for the di-ring system, the area of each black ring horizon can be written in the
particularly simple form:
A1(5) = 8π
2σ1
[
R− σ2 + σ0
(σ1 + σ0)(R + σ2 + σ0)
[
(R +M1 +M2)(M1 + σ1)−Q1(Q1 +Q2)
]3
σ1(R + σ1 + σ2)(R + σ1 − σ2)2
] 1
2
,
A2(5) = 8π
2σ2
[[
(R +M1 +M2)(M2 + σ2)−Q2(Q1 +Q2)
]3
σ2(R + σ1 + σ2)(R + σ2 − σ1)2
] 1
2
,
while for the bi-ring system one obtains:
A1(5) = 8π
2σ1
[[
(R +M1 +M2)(M1 + σ1)−Q1(Q1 +Q2)
]3
σ1(R + σ1 − σ2)(R + σ1 + σ2)2
] 1
2
,
A2(5) = 8π
2σ2
[
1
σ2 + σ0
[
(R +M1 +M2)(M2 + σ2)−Q2(Q1 +Q2)
]3
σ2(R− σ1 + σ2)(R + σ1 + σ2)2
] 1
2
.
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To compute the Hawking temperatures of each black ring horizon, one makes use of its
definition in terms of the surface gravity evaluated for each individual black ring horizon,
T iH =
ki
(5)
2pi
. Here the surface gravity k(5) is generally defined as k
2
(5) = −12ξa;bξa;b, where ξ =
∂/∂t is the canonically normalized timelike Killing vector. Keeping track of the near horizon
expansions of the metric functions f˜ and eµ˜ in the four-dimensional seed and following the
argument given in [34] it is easy to show that one can express the surface gravity in the final
five-dimensional solution in terms of the surface gravity of the four-dimensional seed as
ki(5) = pi(k
i
(4))
3
4 ≡ pi
[
(ρf˜−1eµ˜)|iρ=0
]− 3
4 . (31)
Then the Hawking temperature of each black ring horizon can be easily calculated in closed
form using the expressions listed in (26) respectively (29) and (30). For simplicity we shall
not list them here.
As it is usually done in multi-black holes systems, one can define the Komar mass of an
individual black ring as:
M = − 1
16πG
3
2
∫
S
α , (32)
where S is the boundary of any spacelike hypersurface and:
αµνρ = ǫµνρστ∇σξτ , (33)
with the Killing vector ξ = ∂/∂t. In general, this quantity measures the mass contained in
S, and, therefore, the horizon mass MH is obtained by performing the above integration at
the horizon. If one takes instead S to be the three-sphere at infinity enclosing both black
ring horizons, then (32) gives the total mass of the system, which coincides with the ADM
mass MADM . A straightforward computation leads to:
M
(1)
Komar =
3π
2G
σ2, M
(2)
Komar =
3π
2G
σ1, (34)
while, following the standard argument,
MADM =M
(1)
Komar +M
(2)
Komar −
1
16πG
3
2
∫
Rtt
√−gdV. (35)
However, since Einstein’s equations imply Rtt =
F 2µt
3
, one arrives at the following five-
dimensional Smarr formula
MADM =M(1) +M(2),
where for each constituent one has:
2
3
M(i) = T (i)H S(i) +
2
3
Φ
(i)
H Q
(i)
e ,
where M(i) = 3pi
2G
Mi.
It is now easy to check that this relation follows from the corresponding Smarr formula
of the four-dimensional seed solution [33], as expected.
10
5 Conclusions
In this paper we made use of the results of a solution generating technique previously derived
in [21] in order to generate, in closed form, the general static solutions describing systems of
concentric charged black rings in five dimensions. For simplicity, we focussed on solutions
of the Einstein-Maxwell theory only, however, the general solution to the EMD theory with
arbitrary dilaton coupling α can be read from (4). We also discussed the Weyl rod structures
of these solutions confirming that they describe general bi/di-ring systems. We found that
the general solutions consisting of static black rings cannot be balanced solely by the effect
of their electric charges and, therefore, in absence of rotation there are unavoidable conical
singularities in these systems. This is in fact expected to happen on physical grounds, as the
effect of the conical singularities is to balance the electromagnetic and gravitational forces
in a static system of black objects. We also computed the conserved charges of such systems
and proved a Smarr relation, showing that it is in a direct relation to the corresponding
Smarr equation in the four-dimensional seed solution.
As avenues for further research, let us note that, similarly to the case of a single black ring
system, one expects the static bi/di-ring system to be stabilized and the conical singularities
eliminated once one immerses the system in a background electric field. This can be done
by first taking the dual of the electric potential to a magnetic 2-form potential and then
applying a Harrison transformation, as described for instance in [35], in order to generate
a solution describing a system of two charged black rings in a background magnetic field.
Presumably one can then tune the background magnetic field such that the conical singu-
larities are eliminated and the double-black ring system is in equilibrium. The caveat of this
procedure is that the double-black rings system is no longer asymptotically flat but instead
in a background Melvin-type geometry generated by the background electro/magnetic field.
Work on this problem is in progress and it will be reported elsewhere.
Another interesting possibility would be obtaining a general solution describing a charged
double-black ring system in the Taub-NUT background in five dimensions. A simple modi-
fication of the technique presented in [21] has been used in [34] to construct double Kaluza-
Klein black holes on the double-Taub-NUT background. It would be interesting to find a
proper four-dimensional seed solution which, when used in the solution generating technique
of [34] will provide the black ring metric in the Taub-NUT background. Once that seed
is identified, presumably, it can be generalized to a new seed solution that will generate a
general double-black ring system in the Taub-NUT background.
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